Introduction
Mass action kinetics are used throughout the chemical and chemical engineering literature to describe the dynamics of systems of chemical reaction laws. They are also a special form of compartmental systems that involve mass balance relations [l] . Aside from their obvious importance in chemical engineering applications, mass action kinetics have numerous analytical properties that are of inherent interest from a dynamical systems perspective.
In Section 2 we provide a general construction of the kinetic equation from reaction laws based upon the formulation given in [2] . In Section 3 we consider the nonnegativity of the solutions to the kinetic equation. Next, in Section 4, we consider the reducibility of the mass action kinetics. In Section 5 we consider the stability of the equilibria of the kinetic equation. To do this, we apply Lyapunov methods to the kinetic equation and obtain results that guarantee semistability, that is, convergence to an equilibrium that depends upon initial concentrations. This notion is developed in [4] , which extends the linear semistability theory of [5] to nonlinear systems. In Section 6 we revisit the remarkable "zero deficiency" result of [3] , which provides rate-independent conditions guaranteeing stability.
A vector x E RP = RPxl is a p x 1 column vector, while the set ofpxq real matrices is denoted by R P x Q . For x E RP we write x 22 0 to indicate that every component of x is nonnegative and x >> 0 to indicate that every component of x is positive. In this case we say that x is nonnegative or positive, respectively. Likewise, A E R P x q is nonnegative or positive if every entry of A is nonnegative or positive, respectively, which is written denote the nonnegative and positive orthzts of R", respectively, that is, if 2 E R", then x E R+ and x E 7 2 ; are equivalent, respectively, to x 22 0 and x >> 0.
For vectors x , y E RP or matrices A, B E R P x q we use . . , p is the product x t i l . ' .
We define 00 = 1.
Kinetic Equation
Consider s species 5 1 , . . . , x s , where s 2 1, whose interactions are governed by r reactions, where T > 1, comprising the reaction network where, for i = 1,. . . , T , ki > 0 is the reaction rate of the ith reaction, E;=, Aijxj is the reactant of the ith reaction, and E;,, Bijxj is the product of the ith reaction. For example, the reactions X I 9 0 and 0 9 x1 are both allowed, where the reactants are 2 1 and 0, respectively, and the products are 0 and 2 1 , respectively.
The kinetic equations for these reactions, which represent the removal and addition of mass, respectively,
The reactions x1 9 2x1 and 2x1 9 3x1, which also represent the addition of mass, have the kinetics The kinetic equations are thus given by
or in linear system form by (2.5) where Example 2. Consider the reaction network
The kinetic equations are thus given by where X I and x2 denote prey and predator concentrations, respectively, so that s = 2 and T = 3. Furthermore, A and B are given by 2 0
Consequently, the kinetic equations have the form 
Reducibility
In this section we provide a technique for reducing the number of kinetic equations needed to model the dynamics of the reaction network (2.2). This technique is based upon the fact that, while x ( t ) is confined to the nonnegative orthant for nonnegative initial conditions, the structure of the kinetic equation (2.3) imposes an additional constraint on the allowable trajectories. To state this result we define the stoichiometric subspace S by S = Im((Bwhich is a subspace of R". The dimension of this subspace is given by q = rank((B -A)T) = rank(B -A), which is the rank of the reaction network. The following result shows that the solution of the kinetic equation (2.3) is confined to an affine subspace which is parallel to the stoichiometric subspace. For convenience we let P E R s x s denote the unique orthogonal projector whose range is S, and define Pl = I, -P. In terms of the generalized inverse ( e ) " , P is given by 
3).
Let E denote the set of equilibria of (2.3), and let.E+ C_ E denote the set of positive equilibria. Example 2 continued. First note that because of the structure of the set of equilibria, none of the equilibria are asymptotically stable. Next we consider an equilibrium ze of the form (0, e ) , where E > 0. By linearizing the system about this equilibrium, it can be seen that this equilibrium is not Lyapunov stable. Hence it remains to determine the stability of an equilibrium of the form (6, k26/lcl), where 6 2 0. To do this, let U be the As noted in Section 4, the rank of the reaction network q = rank(B -A ) satisfies q < min{r,s}. The following result provides a bound for q that is sometimes better. Some additional notation will be needed. If qi = mi -1 then the linkage class Ci has full rank. We recall that an affine set is the translate of a subspace. Furthermore, the affine hull of a set S is the smallest affine set that contains S. It T h e o r e m 6.1. Assume that the reaction network (2.3) has zero deficiency. Then every positive equilibrium of (2.3) is Lyapunov stable for all rate constants k l , . . . , k,. T h e o r e m 6.2. Assume that the reaction network (2.3) has zero deficiency and has at least one positive equilibrium. Then every positive equilibrium of (2.3) is semistable.
